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1.
$G_{\mathbb{Q}}$ $\pi_{1}(\mathbb{P}\frac{1}{\mathbb{Q}}\backslash \{0,1, \infty\})$
Grothendieck-Teichm\"uller $GT$
Lie $\mathcal{P}_{n}$ Lie
($\Leftrightarrow$ ) $\mathcal{D}_{n}$ $S_{n}$
($n$ ) : Lie
$\mathcal{D}_{n+1}^{S_{n+1}}arrow \mathcal{D}_{n^{n}}^{s},$
$n\geq 4$ $n\geq 5$ ([5]
[6] $)$ Lie
$\lim_{n}\mathcal{D}_{n^{n}}^{S}arrow$
( $\simeq \mathcal{D}$: $\mathcal{D}$




( $\mathbb{Q}_{\ell}$ Lie ) (Deligne- )
2 3
( ) 4 Johnson
( ) 5
2.
$R$ $(g, r)$ Riemann ( $g$ $n$ ) ( )
$\pi_{1}^{top}(R)$
$X_{i},$ $Zj$ $(1\leq i\leq 2g, 1\leq j\leq r)$ ,
$\prod^{g}[x_{i}, x_{i+9}]\prod_{ji=1=r}^{1}zj=1,$
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$n=1,2,$ $\cdots$ $R$ $n$ :
$R_{m}=R^{n} \backslash \bigcup_{1\leq i<j\leq n}\Delta_{R}(i,j)$ ,
$\Delta_{R}(i,j)=\{(x_{1}, \ldots, x_{n})\in R^{n}|x_{i}=x_{j}\},$
$n$ (
$)$ ([15]) $\pi_{1}^{top}(R_{n})$ $P_{g,r,n}$
$P_{00n}$ $n$
$R_{n+1}$ $j$ $f_{j}(1\leq i\leq n+1)$
$1arrow N_{n+1}^{(j)}arrow P_{g,r,n+1^{arrow}}^{\pi_{1}(f_{j})}P_{g,r,n}arrow 1,$
$N_{n+1}^{(j)}$ ($R$ $n$ Riemann )
$P_{g,r+n,1}$ $2g+r+n-1$ $N_{n+1}^{(j)}$ (
$P_{g,r,n+1}$ ) $x_{1}^{(j)},$ $\cdots,x_{2g}^{(j)},$ $z_{1}^{(j)},$ $\cdots,$ $z_{r+n+1}^{(j)}$ $(z_{r+}^{(j)_{j\prime}}$ $i$
$j’$ 1 $z_{r+}^{(j)_{j}}=1$ )
Out $(P_{g,r,n})(=$ Aut $(P_{g,r,n})/Inn(P_{g,r,n}))$ $\Gamma_{g,r,n}$ ( )
$N_{n}^{(j)}(1\leq i\leq n)$ $\langle z_{j}^{(j)}\rangle$ $(1\leq i\leq r+n, 1\leq i\leq n)$
:
$\Gamma_{g,r,n}:=\tilde{\Gamma}_{g,r,n}/InnP_{g,r,n},$
$\tilde{\Gamma}_{g,r,n}$ $:=\{f\in$ Aut$P_{n}|_{(1\leq j\leq n,1\leq j\leq r+n)}^{f(N_{n}^{(j)})\subset N_{n}^{(j)}(1\leq j\leq n)}f(z_{j}(,)\sim(z_{\sigma(j)}^{(j)})^{\alpha}(\exists\alpha\in,\mathbb{Z}^{\cross}, \exists\sigma\in S_{r+n})|\cdot$





$P_{g,r,n}(2)=[P_{g,r},{}_{n}P_{g,r,n}]\langle z_{j}^{(j)};1\leq j\leq n, 1\leq j’\leq r+n\rangle,$





$\mathcal{P}_{g,r,n}$ ([14]) $X_{i}^{(j)}:=x_{i}^{(j)}mod P_{g,r,n}(2)$ $Z_{j}^{(j)}:=$
$z_{(j,)}^{(j)}mod P_{g,r,n}(3)_{\backslash }1\leq i\leq 2g_{\backslash }1\leq i\leq n_{\tau}1\leq i’\leq r+n$ $(Z_{r+j}^{(j)}=0$
)
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$\pi_{1}(f_{j})(1\leq i\leq n+1)$ Lie
$1arrow \mathcal{N}_{n+1}^{(j)}arrow \mathcal{P}_{g,r,n+1^{arrow}}^{Gr\pi 1(f_{j})}\mathcal{P}_{g,r,n}arrow 1,$
$\mathcal{N}_{n+1}^{(j)}$
$\mathcal{P}_{g,r+n,1}$ $2g+r+n-1$ Lie




$\Gamma_{g,r,n}(m)$ $:=\tilde{\Gamma}_{g,r,n}(m)$Inn $(P_{g,r,n})/Inn(P_{g,r,n})$ ,




$\mathcal{P}_{g,r,n}$ Lie Lie $\mathcal{D}_{g,r,n}$ :
$\mathcal{D}_{g,r,n}:=\tilde{\mathcal{D}}_{g,r,n}/Inn(\mathcal{P}_{g,r,n})$ ,
$\tilde{\mathcal{D}}_{g,r,n}:=\{D\in$ Der $(\mathcal{P}_{g,r,n})|D(Z_{j}^{(j)})--[T_{j}^{(j)},Z_{j}^{(j)}](\exists T_{j}^{(j)}\in \mathcal{P}_{g,r,n})(1\leq j\leq n,1\leq j’\leq r+n)D(\mathcal{N}_{n}^{(j)})\subset \mathcal{N}_{n}^{(j)}(1\leq j\leq n),\}.$




$n\geq 4$ ([5]) $S_{n}$
$n\geq 5$ ([6])
$r+n\geq 2$ $([14|)$
$g\geq 1,$ $r=0$ $S_{n}$ $n\geq 3$
















$\ell$ $n\geq 3$ $r+n\geq 4$
$\ell$
($\forall n$ $n\geq 3$ $r+n\geq 4$ )
$\forall n$
3.
3.1. $k$ $X$ $k$ $\overline{x}$ : $Spec\Omegaarrow X(\Omega$
) ( )






$k$ $0$ $\mathbb{C}$ Riemann
$\pi_{1}(\overline{X})\cong\pi_{1}^{to\overline{p}}(X_{\mathbb{C}}(\mathbb{C}))$ .
$X_{\mathbb{C}}(\mathbb{C})$ $X$ $karrow \mathbb{C}$ $:=X\otimes_{k}\overline{k}$
$\hat{G}$ $G$
$(G:N)< \infty G\triangleright N\lim_{arrow},G/N$
$\pi_{1}(X)$ $X_{\mathbb{C}}(\mathbb{C})$ $X$
$\pi$r$|J(g, r)$ $(g$ $X$ $x*$ $r$
$X^{*}(\overline{k})\backslash X(k)$ )




$\phi_{X/k}:G_{k}arrow$ Out $(\pi_{1}(\overline{X}))(=$ Aut $(\pi_{1}(\overline{X}))/Inn(\pi_{1}(\overline{X})))$ ,
$\sigma\mapsto(\gamma\mapsto\tilde{\sigma}\gamma\tilde{\sigma}^{-1})$ mod Inn $(\pi_{1}(\overline{X}))$ ,
$\tilde{\sigma}\in\pi_{1}(X)$ $\sigma\in G_{k}$ $p_{x/k}^{-1}$
( ) $X^{-}$
$\phi_{X/k}$
$k$ $0$ $karrow \mathbb{C}$ $C$ $k$
$C_{n}$ $C$ $n$ $(n=1,2, \cdots)$ $\ell$
$\phi_{C_{n}/k}$
$\phi_{C_{n}/k}^{(pro-\ell)}$ : $G_{k}arrow$ Out $(\pi_{1}^{pro-\ell}(\overline{C}_{n}))$ ,
$(\pi_{1}^{pro-\ell}(\overline{C}_{n})$ $\pi_{1}(\overline{C}_{n})$ $\ell$ $\pi_{1}^{top}(C_{\mathbb{C}}(\mathbb{C})_{n})(\simeq P_{g,r,n})$ $\ell$
$)$ $\{k_{C,n}^{(pro-\ell)}(m)\}_{m\geq 1}$ :
$k_{C,n}^{(pr\triangleright\ell)}(m):=\overline{k}^{(\phi_{C_{n}/k}^{(pro-\ell)})^{-1}(\Gamma_{g,r,n}^{(pro-\ell)}(m))},$
$k_{C,n}^{(pro-\ell)}:=\overline{k}^{Ker(\phi_{C_{n}/k}^{(pro-\ell)})}.$
$n$ $g=0,$ $r=0$ $2g-2+r>$
$0,$ $r+n\geq 2$ ([5],[8]) 2.1 $\ell$
Theorem 3.1. $C/k$ $(g, r)$ $(\Leftrightarrow 2g-2+r>0)$
$\{k_{C,n}^{(pro-\ell)}(m)\}_{m\geq 1}$ $n(\geq 1)$
$k_{C,n}^{(pro-\ell)}=k_{C,1}^{(pro-\ell)}.$














$\mathbb{Q}\subset \mathbb{Q}_{g,r,n}^{(pro-\ell)}(1)\subset\cdots\subset \mathbb{Q}_{g,r,n}^{(pro-\ell)}(m)\subset\cdots\subset \mathbb{Q}_{g,r,n}^{(pr\triangleright\ell)}\subset\overline{\mathbb{Q}},$
$\mathbb{Q}_{g,r,n}^{(pro-\ell)}(m):=\overline{\mathbb{Q}}^{p_{g,r}((\Phi_{g,r,n}^{(proe\ell)})^{-1}(\Gamma_{g,r,n}^{(pro-\ell)}(m)))} (m\geq 1)$ ,
$\mathbb{Q}_{g,r,n}^{(pro-\ell)}:=\overline{\mathbb{Q}}^{p_{g,r}(Ker\Phi_{g,r,n}^{(pro-\ell)})}.$
$\{\mathbb{Q}_{g,r,n}^{(pro-\ell)}(m)\}_{m\geq 1}$ $\mathbb{Q}_{g,r,n}^{(pro-\ell)}(1)=$
$\mathbb{Q}(\mu\ell\infty)_{\backslash }[\mathbb{Q}_{g,r,n}^{(pro-\ell)}(m+1):\mathbb{Q}_{g,r,n}^{(pr\triangleright\ell)}(m)]<\infty$ (m: )
$g=0,$ $r=3,$ $n=1$ $g\geq 2,$ $r=0,$ $n=1$
$g,$ $r,$ $n$
( ) ( )
Remark 3.2. (1)$\bigcap_{m\geq 1}\Gamma_{g,r,n}^{(pm-\ell)}(m)=1$





$\mathbb{Q}_{0,3,n}^{(pro-\ell)}(m)=\mathbb{Q}_{(\mathbb{P}^{1}\backslash \{0,1,\infty\})_{n}}^{(pro-\ell)}(m) (m\geq 1)$ ,
$\forall k$ $0$ $\forall C/k(g, r)$
$\mathbb{Q}_{g,r,n}^{(pro\sim\ell)}(m)\subset k_{C,n}^{(pro-\ell)}(m) (m\geq 1)$,
$\mathbb{Q}_{g,r}^{(pro-\ell)}$ $k_{C}^{(pm-\ell)}$ moduli
:
Theorem 3.3. $g,r,n$ $2g+r-2>0,$ $n\geq 1$
:
(1) $\{\mathbb{Q}_{g,r,n}^{(pro-\ell)}(m)\}_{m\geq 1}$ $r$ $n$ $g_{f}r$
$n$ :
$\mathbb{Q}_{1,1,1}^{(pro-\ell)}(m)\supset \mathbb{Q}_{g,r,n}^{(pro-\ell)}(m)\supset \mathbb{Q}_{0,3,1}^{(pro-\ell)}(m)$ ,
$[\mathbb{Q}_{1,1,1}^{(pro-P)}(m):\mathbb{Q}_{g,r,n}^{(pro-\ell)}(m)], [\mathbb{Q}_{g,r,n}^{(pro-\ell)}(m):\mathbb{Q}_{0,3,1}^{(pro-\ell)}(m)]<\infty.$
(2) $\mathbb{Q}_{g,r,n}^{(pro\sim } _{}9,$ $r$ $n$
144






$\mathbb{Q}_{1,1,1}^{(pro-\ell)}(m)\supset \mathbb{Q}_{g,r,1}^{(pr\infty\ell)}(m)\supset \mathbb{Q}_{0,3,1}^{(pro-\ell)}(m)$ ,
([13])
X $\mathbb{C}$ $C$
$\mathbb{P}^{1}\backslash \{0,1, \infty\}$ $C$

















$\tau_{m}$ Johnson (cf. [13])
$\tau_{m}\otimes_{\mathbb{Z}}\mathbb{Q}_{\ell}$ ([1] Theorem B)
([12])
(cf. 3.2 )
3.3 $\mathbb{Z}_{\ell}Lie$ $\mathcal{G}^{(pro-\ell)}:=\oplus_{m\geq 1}$Gal $(\mathbb{Q}_{0,3,1}^{(pro-\ell)}(m+1)/\mathbb{Q}_{0,3,1}^{(pro-\ell)}(m))$
:
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Soule’ ([10]) $m\neq 2,4,8,12$ $m$
$\tau_{m}\otimes_{\mathbb{Z}}\mathbb{Q}_{\ell}$ (1 )
(2010 10 ) (Development of Galois-Teichmuller Theory
and Anabelian Geometry) FBrown $\mathcal{G}^{(pro-\ell)}\otimes_{\mathbb{Z}_{\ell}}\mathbb{Q}_{\ell}$ Soul\’e
( ) $\mathbb{Q}_{\ell}$Lie Johnson
:
$r_{m}= \frac{1}{m}\sum_{d|m}\mu(\frac{m}{d})(\sum_{i=1}^{3}(\alpha_{i}^{d}-1-(-1)^{d}))$ .
$\alpha_{i}(1\leq i\leq 3)$ $x^{3}-x-1$ ([7] (4.2))
5.
(I) $affine$ $(r\geq 1$ $n\geq 2)$ ([5],[8],[14])
$\mathcal{P}_{g,r,n}$
$D\in\tilde{\mathcal{D}}_{g,r,n}$ $D$
$D(\mathcal{P}_{g,r,n+1})\subset \mathcal{N}_{n+1}^{(n+1)}$ $D(Z)=0$ $D=0$
$Z:=Z_{1}^{(n+1) }\mathbb{W}:=\{X_{i}^{(n+1)}, Z_{j}^{(n+1)}|1\leq i\leq 2g, 2\leq j\leq n+r-1\}\subset \mathcal{N}_{n+1}^{(n+1)}$
$\mathbb{B}:=\mathbb{W}\cup\{Z\}$ $\mathcal{N}_{n+1}^{(n+1)}$ ( $\mathbb{Z}$-Lie )
‘ $(n+1)$ $W\in \mathbb{W}$ $\alpha(W)\in \mathcal{N}_{n+1}^{(n)}$
: $\alpha(X_{i})=-X_{i+g}^{(n)},$ $\alpha(X_{i+g})=X_{i}^{(n)},$ $\alpha(Z_{j})=Z_{j}^{(n)}$ $(1\leq$
$i\leq g,$ $2\leq j\leq r+n-1)$ . $\mathcal{P}_{g,r,n+1}$ $W,$ $W’\in \mathbb{W},$ $W\neq$ $W$’
$[\alpha(W’), W]=[\alpha(W’), Z]=0$
$s_{w}:=\{\alpha(W’)|W’\in \mathbb{W}, W’\neq W\}\subset N_{n+1}^{(n)}$
$D$ ([8] Lemma
B’ )
Lemma 5.1. $W\in \mathbb{W}$ $C_{\mathcal{N}_{n+1}}(\mathbb{S}_{W})=\langle W,$ $Z\rangle$
$D(Z)=0$ $D(\mathcal{P}_{g,r,n+1})\subset \mathcal{N}_{n+1}$
Lemma 5.2. $W\in \mathbb{W}$ $D(W)\in\langle W,$ $Z\rangle.$
Lemma5.2 $\sum_{i=1}^{g}[X_{i}, Y_{i}]+\sum_{j}^{n+r}=1$ $=0$ $D(\mathcal{N}_{n+1})=0.$ $A\in \mathcal{P}_{g,r,n}$
$\mathcal{P}_{g,r,n+1}=\mathcal{N}_{n+1}+C_{\mathcal{P}_{g,rn+1}}(Z)$ $A=A’+A”(\exists A’\in \mathcal{N}_{n+1},$ $\exists A"\in$
$C_{\mathcal{P}_{g,r,n+1}}(Z))$ $[A”, Z]=0$ $D(Z)=0$ $[D(A”), Z]=0.$ $D(\mathcal{N}_{n+1})=0$
$D(A)=D(A”)$ . $D(\mathcal{P}_{g,r,n+1})\subset \mathcal{N}_{n+1}$ $D(A)\in C_{\mathcal{N}_{n+1}}(Z)=\langle Z\rangle.$
$Z$ $Z_{2}$ $D(A)\in\langle Z_{2}\rangle$ . $D(A)\in\langle Z\rangle\cap\langle Z_{2}\rangle.$
$n+r>2$ $Z$ $Z_{2}$ $\mathbb{Z}_{\ell}$ $\langle Z\rangle\cap\langle Z_{2}\rangle=0.$ $n+r=2$
$\alpha Z=\beta Z_{2}$ $(\exists\alpha,\beta\in \mathbb{Z}_{\ell})$ . $\alpha Z=\beta Z_{2}=-\sum_{i=1}^{g}\beta[X_{i}, Y_{i}]-\beta Z$
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$\alpha=\beta=0.$ $(\cdot.\cdot[X_{i}, Y_{i}] Z gr^{2} n+l \mathbb{Z}_{l} )$
$\langle Z\rangle\cap\langle Z_{2}\rangle=0$ . $D(A)=0.$




$V$) $C(V)$ $C(V)\ni U$















$[X_{i}^{(1)},X_{i}^{(2)}]=0$ $=Z$ $[D(X_{i}^{(1)}), X_{i}^{(2)}]+[X_{i}^{(1)}, D(X_{i}^{(2)})]=0$
$X_{i}^{(1)}+X_{i}^{(2)}\in C(Z)$ $D(X_{i}^{(1)})+D(X_{i}^{(2)})\in C(Z)$ $\mathcal{N}_{2}^{(2)}\cap C(Z)=\langle Z\rangle$
$degD>1$ $degZ=2$ $D(X_{i}^{(1)})+D(X_{i}^{(2)})=0$
$X_{i}^{(1)},$ $X_{i}^{(2)}\in C(X_{i}^{(1)}+X_{i}^{(2)})$ 2
:
Lemma 5.3.
$C(X_{i}^{(1)}+X_{i}^{(2)})\cap \mathcal{N}_{2}^{(2)}=\langle X_{i}^{(2)}, Z\rangle_{Lie} (1\leq\forall i\leq 2g)$




$X$ $L(X)$ $X$ Lie





$\mathfrak{a}$ $A\backslash S$ $L(A)$
(2) Lie
$L(T)arrow\sim \mathfrak{a}$
$(s_{1}, \cdots, s_{n}, a)$ $(ad(s_{1})\circ\cdots oad(s_{n}))(a)$
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